One of the theoretical approaches to study spatially-extended ecosystems is given by metapopulation models, which consider fragmented populations inhabiting discrete patches linked by migration. Most of the metapopulation models assume exponential growth of the local populations and few works have explored the role of cooperation in fragmented ecosystems. In this letter we study the dynamics and the bifurcation scenarios of a minimal, two-patch metapopulation Turing-like model given by nonlinear differential equations with an autocatalytic reaction term together with diffusion. We also analyze the extinction transients of the metapopulations focusing on the effect of coupling two local populations undergoing delayed transition phenomena due to ghost saddle remnants. We find that increasing diffusion rates enhance the delaying capacity of the ghosts. We finally propose the saddle remnant as a new class of transient generator mechanism for ecological systems.
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I. INTRODUCTION
Metapopulation models [Hanski, 1999 [Hanski, , 2004 Hanski & Ovaskainen, 2003; Holt, 1985; Levin, 1974; Levins, 1969; Parvinen & Egas, 2004] describe the dynamics of fragmented populations interconnected by migration and are a very important tool of research in ecological systems since the pioneering work of Levins [Levins, 1969] . As far as we know, most of the theoretical models on metapopulations assume that local populations reproduce exponentially (see for example [Holt, 1985; Parvinen & Egas, 2004] ), often only describing their stability and dynamical properties under antagonistic ecological interactions as intraspecific competition. Typically, these models assume that the growth function is (considering unhampered growth) of the formẋ = kx, where k is the intrinsic growth rate of the population. To the extend of our knowledge, there are few metapopulation works considering a local non linear reproduction kinetics describing cooperating systems, although Segel and Jackson analyzed a spatial predatorprey PDE model considering cooperation in prey populations [Segel & Jackson, 1972] .
A possible way of modeling a system of cooperative replicators is by considering a reproduction function of the forṁ x i = kx i x j . Such a growth kinetics, which is hyperbolic, can reach an infinite value of x i in a finite time t for unhampered systems [Eigen & Schuster, 1979] . The case j = i would correspond to a replicator species that receives catalysis from another type of replicator (as in the homogeneous hypercycle [Eigen & Schuster, 1979] , typically with j = i − 1, in a perfectly cyclic and closed architecture). The case j = i might describe the dynamics of an autocatalytic replicator or, equivalently, the dynamics of intraspecific cooperation (with a positive feedback), which is explored in this letter. For this latter case the kinetics is of the formẋ = kx 2 , whose solution * Author for correspondence: Complex Systems Lab (ICREA-UPF), Barcelona Biomedical Research Park (PRBB-GRIB) Dr. Aiguader 88, 08003 Barcelona, Spain. E-mail: josep.sardanes@upf.edu; Phone: +34 933160532; Fax: +34 933160550 is explicitly given by
Intraspecific cooperation (see [Dugatkin, 2002] for a review) involves cooperation between the individuals of the same population undergoing a density-dependent benefitial effect which may lead to higher population numbers. This type of behavior is found in some social insect colonies [Cassill et al., 2005; Dugatkin, 2002] , in primates [Chen & Hauser, 2005] , as well as in some populations of wild vampire bats [Dugatkin, 2002] . For this latter case, the bat species Desmodus rotundus displays the so-called reciprocal altruism behavior. The individuals of this vampire species will starve if they do not receive a blood meal every 60 hours [McNab, 1973] . However, females regurgitate blood meals to nestmates that have failed to obtain food in the recent past [Wilkinson, 1984 [Wilkinson, , 1985 , then providing them with an auxiliary source of food ensuring their survival and increasing the probability of reproduction. Food-sharing strategies, which may in general involve a density-dependent increase of the fitness of the populations and also an increase in their reproduction rates, are found in other species of mammals (see [Wilkinson, 1984] and references therein).
In this letter we analyze the dynamics and the bifurcation scenarios of a simple, two-patch metapopulation system by using a Turing-like model considering an autocatalytic reaction term together with diffusion. We are especially interested in the extinction transients associated to the effect of coupling two populations of replicators undergoing delayed transition phenomena associated to saddle-node ghosts. In short, we characterize a series of bifurcations at increasing diffusion rates in the survival scenario driving the system into a single non-trivial and symmetric equilibrium allowing the survival of the metapopulations. With small population sizes, an increase of the diffusion rate drives the entire system towards extinction, due to a negative Allee effect. We show that, once a critical decay value is overcome, an increase of diffusion enhances the delaying effect towards extinction due to the ghost arising after the saddle-node bifurcation. 
II. MATHEMATICAL MODEL
To explore the role of hyperbolic growth kinetics in a patchlike metapopulation we analyze a mean field model for an autocatalytic replicator species inhabiting two discrete patches linked symmetrically by passive diffusion (see Fig. 1 , left). We use a Turing-like model which considers a reaction or reproduction function and a diffusion term to have an interaction between both patches. Following the notation of Smale [Smale, 1974] , we define our model aṡ
with i, j = 1, 2 and i = j. The state variables x 1,2 (t) denote, respectively, the concentration (population numbers) of the autocatalytic replicators inhabiting each patch. These variables are defined in the phase plane
(1) describes the reproduction kinetics in patch i. In our model we take
with
The function above models the reproduction of an autocatalytic species which reproduces according to a quadratic, nonlinear interaction with rate k > 0. Taking as an example the populations of the vampires, the model assumes an increase in the fitness of the population proportionally to the density-dependent nonlinear interaction resulting from cooperation. That is, the higher population of bats the higher probability of obtaining blood meals from other individuals, in a kind of autocatalytic process. The positive relationship between aspects of fitness and population size is known as the Allee effect [Allee, 1931; Dugatkin, 1997] . For simplicity we do not consider the exponential growth of the population, instead we focus our analysis on the dynamics resulting only from cooperation. The logistic term Ω i (x), encapsulates within-patch density-dependent competition processes influencing population growth, being K the carrying capacity of each patch. Hereafter we set K = 1. Finally, we also consider degradation or decay of species with rate ε > 0.
The second term in Eq.
(1) denotes the diffusion processes associated to migration between both patches, being x j − x i the difference of the populations between the patches. The parameter D (with 0 ≤ D ≤ 1) corresponds to diffusion or migration rate. Actually, diffusion denotes the average fraction of the population of each patch diffusing or migrating to the other patch. Diffusion may be interpreted as a measure of the degree of isolation among both local populations, where the case D = 0 corresponds to two completely isolated and independently evolving populations of autocatalytic replicators (see [Fontich & Sardanyés, 2008] ). We here obviate age classes or sexual types in the populations and the effect of animal associations or kin selection in the dynamics of cooperation, then considering that cooperation is likely to happen between animals without relatedness, as was shown for vampires in captivity [Wilkinson, 1985] . This is the simplest model which considers intraspecific cooperation in a homogeneous and idealized fragmented landscape.
A. Phase portraits and bifurcations
The equilibrium points of the dynamical system under study are found by means of the nullclines of (1), defined as the curves where eitherẋ 1 = 0 orẋ 2 = 0, which are given by
The intersections of these nullclines (see Fig. 1 ) provide the equilibrium points of the system sinceẋ 1 =ẋ 2 = 0. They also determine a partition of the plane such that the boundaries of each subregion are formed by pieces of nullclines (and hence they contain the equilibria). It turns out that, for this system, these subregions are either positively or negatively invariant since, in their boundaries, the vector field either points inwards or outwards. We can argue that this system has no periodic orbits. Let us assume there exists one. As a consequence of the Poincaré-Bendixson's theorem [Perko, 2001] , it must contain an equilibrium point in its interior. Then it must enter one of the subregions and then it can not get out of it either for positive or negative time. Hence, we obtain a contradiction. Note that each nullcline is obtained from the other by the symmetry with respect to the line x 2 = x 1 . Then the intersection of the nullclines with the axis x 2 = x 1 are equilibria. This intersection always contain the point (0, 0). The eigenvalues of the Jacobian matrix at (0, 0) are λ 1 = −ε and λ 2 = −ε − 2D. Hence the origin is an attractor, which involves the extinction of the whole population (see also Fig.  2 ). A simple calculation shows that this intersection also contains two more points if and only if ε < ε c = k/4. Moreover the corresponding equilibria are independent of D. From now on we refer to the cases ε < ε c and ε > ε c as the survival and extinction scenarios, respectively.
Motivated by the form of the nullclines we let ψ(
Note that ϕ is a cubical polynomial. In the survival scenario, ψ has a positive maximum and a negative minimum in the interval [0, 1], located, respectively at x∓ = 1 3 1 ∓ 1 − 3ε/k . Therefore, if D is small enough, ϕ has a maximum bigger than 1 and a minimum less than 0. Following symmetry considerations, the nullclines x 2 = ϕ(x 1 ) and x 1 = ϕ(x 2 ) must intersect nine times (see Fig. 1 , D = 0.005). The limit case D = 0 corresponds to an uncoupled system of a population divided into two patches without interacting. In this case, the equilibrium points of each individual equation are ξ 1 = 0 and ξ 2,3 = (1 ± 1 − 4ε/k)/2. The derivatives of the equation evaluated at these points determine their stability: ξ 1 and ξ 3 are stable while ξ 2 is unstable. This set of equilibria determine nine equilibrium points for the whole system, given by P * ij = (ξ i , ξ j ), with i, j = 1, 2, 3. From the stability of ξ i it follows immediately that P * 11 , P * 13 , P * 31 and P * 33 are attractors; P * 12 , P * 21 , P * 23 and P * 32 are saddles and P * 22 is a repeller.
When D grows, the maximum and the minimum of ϕ decreases and increases, respectively. First, the pairs P and P * 31 , P * 32 collide in (two) symmetric saddle-node bifurcations and disappear (shown in the transition from D = 0.005 to D = 0.015 in the survival scenario of Fig. 1 ). Later, P * 12 , P * 21 and P * 22 collide in a supercritical pitchfork bifurcation (see the transition from D = 0.015 to D = 0.06 in the survival scenario of Fig. 1 ) and after that the system only has three equilibrium points, P * 11 , P * 22 and P * 33 , which are placed on x 2 = x 1 and whose location is independent of D. By continuity of the eigenvalues with respect to parameters, when D is small, the nine equilibrium points have the same stability character as for D = 0. Therefore, before the first bifurcation we have three stable coexistence points, one with both patches having the same population, P * 33 , another with one patch having much more population than the other, P * 13 , and the symmetric of the latter, P * 31 . The boundary of their basins of attractions are formed by pieces of the stable manifolds of the saddles. After the second bifurcation there remains only one coexistence point, P * 33 , located on x 2 = x 1 . In the extinc- tion scenario, achieved through another saddle-node bifurcation when ε > ε c , the only equilibrium point is the origin, P * 11 , which is a global attractor (see Figs. 1 and 2) . We explore the role of diffusion in the extinction scenario with ε < ε c . We first show the population's equilibria for both patches in the initial conditions space (x 1 (0), x 2 (0)) using k = 1, ε = 0.1 and D = 0 (see Fig. 3a ). Note that at initial populations lower than x 1,2 = 0.1127..., each population becomes extinct. Actually, the region in (x 1 (0), x 2 (0)) involving extinction independently of D is the square determined by the points P * 11 , P * 21 , P * 22 and P * 12 . If we consider diffusion between patches we see that for low initial conditions, only low diffusion rates allow the survival of the metapopulation (see Figs. 3b, 3c and 3d) . We note that at increasing decay rates, the region of (x 1 (0), x 2 (0)) where survival of the metapoplations is only possible with low diffusion rates increases. This phenomenon might be related to the Allee effect, since diffusion could enhance the negative effect for small populations, especially for those populations (like our system) with density-dependence in reproduction processes.
B. Extinction transients: the effect of a ghost
The importance of transients has been investigated in some ecological systems [Hastings, 2001 [Hastings, , 2004 Hastings & Higgins, 1994] . In this sense, transients have been suggested to play an important role in population dynamics, even being more relevant than the expected asymptotic dynamics confined in a given attractor. In this section we focus on the effect of diffusion in the dynamics of two populations able to undergo very long transients giving place to so-called delayed transition phenomena, which can arise due to the apparition of a ghost (i.e., saddle remnant) in phase space [Fontich & Sardanyés, 2008; Strogatz, 2000] . To the extend of our knowledge, there are no previous attempts to study the delaying properties arising from the coupling of two populations undergoing delayed transitions in the context of cooperation in ecological systems. As mentioned in the previous section, the extinction of the metapopulations can be achieved via a saddle-node bifurcation when ≥ c , and the origin becomes asymptotically globally stable. Such a bifurcation involves the "apparition" of a ghost in phase space [Fontich & Sardanyés, 
2008].
We note that the occurrence of this phenomenon for our system depends on the initial condition as well as on the rate of diffusion. For instance, the trajectories corresponding to a big subregion of the phase portrait with D = 0.005 displayed in Fig. 2 , do not approach the ghost region (placed on the line x 2 = x 1 ), and rapidly travel to the extinction attractor. However the orbits starting in the right-up part of the phase space do experience a delay. The role of diffusion in the extinction transients is shown in Figs. 4A and 4B , where the time a trajectory spends before reaching the origin, τ ε , is represented. Specifically, in Fig. 4B , we compute the time transient towards extinction as we increase decay rate beyond the bifurcation point. Typically, such a passage time follows the inverse square-root scaling law, given by τ ε ∼ (ε − ε c ) −1/2 . For Fig. 4 , we have chosen the initial condition x 1 (0) = 0.65 and x 2 (0) = 0.45 for the orbit. Note that for very low diffusion rates the extinction time, τ ε , does not show the powerlaw scaling because the orbit does not go close to the saddle remnant. As diffusion increases a little (for example to D = 0.025) the scaling law appears, reflecting the fact that the flow is passing through the bottleneck region of the ghost, and extinction is delayed. Note that, very near the bifurcation value, there is a difference of up to two orders of magnitude in the extinction time from D = 0.015 to D = 0.025 (see Fig.  4B ).
In Fig. 5 we show the dependence of the extinction transients, τ ε , on the initial conditions for increasing diffusion rates using two values of decay rate near from above to the bifurcation value. The increase of diffusion generically enlarges the domain influenced by the ghost, even for a value of the decay rate far away from the bifurcation value (see Fig. 5 , lower row). However, as previously commented, such extinction transients drastically increase as we approach to the bifurcation value. For instance, the analyses with ε = ε c + 10 −8 , show a longest extinction transient of τ ε ≈ 63000, and there exists a big jump in these times as the initial conditions take greater values (see Fig. 5, upper row) . However, for a value of ε = ε c + 10 −4 , the longest extinction transients are τ ε ≈ 670, and the effect of the ghost is not so sharp as the initial conditions are increased.
III. CONCLUSIONS
We have analyzed the dynamics and the bifurcation scenarios of a minimal, two-patch metapopulation Turing-like model considering a nonlinear replication kinetics and exponential decay of the metapopulations also using a diffusion term describing the migration flow between patches (see Smale [Smale, 1974] for the analysis of a two-cell system with four species). Our model describes the dynamics of intraspecific cooperation with a density-dependent increase in the reproduction rates of the individuals of the entire population, which undergoes the so-called Allee effect [Allee, 1931; Dugatkin, 1997] . Examples of intraspecific cooperation are found in several taxa [Cassill et al., 2005; Chen & Hauser, 2005; Dugatkin, 1997 Dugatkin, , 2002 McNab, 1973; Wilkinson, 1984 Wilkinson, , 1985 .
We have characterized two different phases, given by survival or extinction of the entire population. We have shown that with ε < ε c , and for very low diffusion rates, there are three asymptotically stable non-trivial equilibrium points involving species survival, which are reached depending on the initial conditions of the populations in each patch. When we increase diffusion there is a series of bifurcations, given by two (symmetric) saddle-node bifurcations and a supercritical pitchfork bifurcation, after which there exists a single nontrivial equilibrium implying the survival of the entire population, althoug for very small initial conditions the population can become extinct because the origin is asymptotically stable (independently of the value of D).
Diffusion is shown to play a crucial role in the survival of the entire metapopulation. For instance, with ε < ε c , high diffusion rates can collapse the metapopulation if both initial conditions are small. Interestingly, we find that an increase of diffusion near bifurcation threshold (i.e. ε ε c ) involves a wider set of initial conditions undergoing longer extinction transients associated to the ghosts. Moreover, for extremely low diffusion rates the delaying effect of the ghost is weakened.
The relevance of transients in ecological systems has been reviewed recently [Hastings, 2004] . Several classes of transient generator mechanisms were identified for ecological models and, in many cases, the presence of such transients can be reduced to the concept of saddles. These classes are: (i) chaotic saddles, (ii) spatial systems, (iii) linear systems with varying time scales, (iv) coupled oscillators, and (v) stochasticity [Hastings, 2004] . We note that the phenomenon generating long transients studied in this work might be added to this classification. The presence of extremely large transients near bifurcation threshold in the extinction scenario arising due to the saddle remnant (i.e., ghost) could be of importance in the maintenance and survival of ecological systems undergoing cooperative processes.
